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Abstract. We determine the sharp constant in the Hardy inequality for fractional 
Sobolev spaces. To do so, we develop a non-linear and non-local version of the 
ground state representation, which even yields a remainder term. From the sharp 
Hardy inequality we deduce the sharp constant in a Sobolev embedding which is 
optimal in the Lorentz scale. In the appendix, we characterize the cases of equality 
in the rearrangement inequality in fractional Sobolev spaces. 



1. Introduction and main results 

Hardy's inequality plays an important role in many questions from mathematical 
physics, spectral theory, analysis of linear and non-linear PDE, harmonic analysis and 
stochastic analysis. It states that 

|V«r&>( r Ez£iy/' ^l d x, (!.!) 

and holds for all u G C™(R N ) if 1 < p < N, and for all u G C™(R N \ {0}) if p > N. 
The constant on the right side of ( 11. ip is sharp and, for p > 1, not attained in the 
corresponding homogeneous Sobolev spaces Wp{R N ) and Wp{R N \ {0}), respectively, 
i.e., the completion of C^(R N ) and C7 oo (M Ar \{0}) with respect to the left side of fO]) . 
If p = 1, equality holds for any symmetric decreasing function. 

In this paper we are concerned with the fractional analog of Hardy's inequality (II. ip . 
where the left side is replaced by 

\u(x) — u(y)\ p , , ,„ . 

-T- 2 — , Af _r dxdy 1.2 

for some < s < 1. By scaling the function \x\~ p on the right side has to be replaced 
by |a;|~ p,s . For > 1 and < s < 1 we consider the homogeneous Sobolev spaces 
Wp(R N ) and W^M^O}) defined as the completion with respect to flT2) of C™(R N ) 
for 1 < p < N/s and C^(R N \ {0}) for p > N/s, respectively. Our main result is the 
optimal constant in the fractional Hardy inequality. 

Theorem 1.1 (Sharp fractional Hardy inequality). Let N > 1 and < s < 1. 

Then for all u G Wp(R N ) in case 1 < p < N/s, and for all u G W* (R N \ {0}) in case 
p > N/s, 

\u(x)-u(y)\P , , f \u(x)\ p , 

M dxdy>C N , s>p L r^dx (1.3) 



\x-y\ N +P s tf - ' * p J r n \x\p° 
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ps ~ l 1 1 - r {N - ps)/p \ P $ N ,s, P ( r ) dr , (1-4) 



and 



7V-3 

W) == l^- 2 | f (1 " t2) 2 ^ ' N * 2 > 

,y - 1 (1 - 2rt + r 2 ) 2 ^ 5) 



T/ie constant Cn, s , p is optimal. If p = 1, equality holds iff u is proportional to a 
symmetric- decreasing function. If p > 1, the inequality is strict for any function 
O^iiG Wp(R N ) or Wp(R N \ {0}), respectively. 

For p — 1 and, e.g., N = 1 or N = 3 one finds 

Cl, s ,l = , C 3 , s 1 = 47T- 



S s(s — 1) 

For general values of p and iV the double integral is easily evaluated numerically or 
estimated analytically (see also (I3.5P and (13.61) below for different expressions). For 
p = 2 one can evaluate Cn, s , p via Fourier transform [FLSj and obtains the well-known 
expression 

c _o T iv/ 2 r((iV + 2 S )/4) 2 |r(-,)| n 

This was first derived by Herbst |H] ; see also [KPSl IBei IT] for different proofs. Indeed, 
Herbst determined the sharp constants in the inequality 

\\(-Ay/\\\ P p >C N , s J l -^dx (1.7) 

for arbitrary 1 < p < N/s. For p = 2 the left side is well-known to be proportional 
to the left side in (II .3p . For p ^ 2 and < s < 1, however, the expression on the left 
side is not equivalent to (11.21) . There is a one-sided inequality according to whether 
l<p<2orp>2; see, e.g., [5], Ch. V]. In particular, the sharp constant Cn, s ,i in 
(11.71) for p — 1 is zero, as opposed to (II. 3p . 

One of our motivations is the recent work by Bourgain, Brezis and Mironescu 
|BBM1I [BBM2] and by Maz'ya and Shaposhnikova [MSl] . Consider the case N > ps, 
and recall that the Sobolev embedding theorem asserts that W£(M. N ) C L P *(R N ) for 
p* = Np/ (N — ps) with 

\u(x) -u{y)\ p 

\ x _y\N +P s dxd y ^ S N,sJu\\ P p * , (1.8) 



1 This corrects a typographical error in the published version of this paper. We thank C. A. Sloane 
for pointing this out to us. 
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see, e.g., \AF\ Thms. 7.34, 7.47]. The optimal values of the constants Sn,s, p are 
unknown. In [BBM2] Bourgain, Brezis and Mironescu obtained quantitative estimates 
on the constants Sn, s ,p which reflect the correct behavior in the limits s — > 1 or 
p — > N/s. (More precisely, these authors studied the corresponding problem for 
functions on a cube with zero average, but this problem is equivalent to the problem 
on the whole space, see [BBM2, Rem. 1] or [MSlj Cor. 1].) The proof in [BBM2j relies 
on advanced tools from harmonic analysis. It was simplified and extended by Maz'ya 
and Shaposhnikova [MSlj who showed that the sharp constant in (jl.8p satisfies 

S N>SiP >c(N,p) {N ~ pa)P ~\ (1.9) 
s(l — s) 

The key observation in |MS1] was that ( 11. 9p follows from a sufficiently good bound on 
the constant in the fractional Hardy inequality. Maz'ya and Shaposhnikova did not, 
however, determine the optimal constants in this inequality. Their bound 

C NtS>p > c(N,P) {N ,~ PS T , (1.10) 
s(l — s) 

which leads to the Bourgain-Brezis-Mironescu result ( 11. 9ft . is easily recovered from 
our explicit expression for Cjv,s,p- 

In fact, in Section H] below we show that our sharp Hardy inequality implies an even 
stronger result. Namely, together with a symmetrization argument it yields a simple 
proof of the embedding 

Wp(R N ) C L P ., P (R N ), 1 < p < N/s , p* = Np/(N - ps) , (1.11) 

due to Peetre [P]. Here L P * )P (R N ) denotes the Lorentz space, the definition of which 
is recalled in Section |H Embedding (II. lip is optimal in the Lorentz scale. Since 
L P * )P (R N ) C L P *(R N ) with strict inclusion, ffTTTTlt is stronger than (Ojl . While we 
know only of non-sharp proofs of (11.111) via interpolation theory, our Theorem 14.11 
below gives the optimal constant in this embedding and characterizes all optimizers. 
To do so, we need to characterize the optimizers in the rearrangement inequality by 
Almgren and Lieb for the functional (11. 2ft . see Theorem IA.11 For another recent 
application of Lorentz norms in connection with Hardy-Sobolev inequalities we refer 
to [MS2] . 

In contrast to the case p — 2, there seems to be no way to prove ( 11.3D via Fourier 
transform if p 2. Instead, our proof is based on the observation that 

^-(N-ps)/p ig a 

positive solution of the Euler-Lagrange equation associated with ( 11.31) (but fails to lie 
in Wp(M. N ) or W^(R N \ {0}), respectively). Writing u = \x\- (N - ps)/p v, (O} becomes 
an inequality for the unknown function v. While it is well-known and straightforward 
to prove (11.11) in this way, this approach seems to be new in the fractional case. 

One virtue of our approach is that it automatically yields remainder terms. In 
particular, for p > 2 we obtain the following strengthening of (II. 3p . 
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Theorem 1.2 (Sharp Hardy inequality with remainder). Let N>l,0<s<l 
and p>2. Then for all u G W£(R N ) in case p < N/s, and for all u G W^(R N \ {0}) 
in case p > N/s, and v = \x\( N ~ ps >/ p u, 

\u(x) — u(y)\ p , , f \u(x)\ p , 

' 1 dxdy-C N , s , p / l -r^-dx 



\x-y\ N + ps * Jrn \x\p s 



\v(x) — 


v(y)\ p 




dx 




dy 




x-y\ 


N+ps 


x\ 


(N-ps)/2 


y\ 


(N-ps)/2 



> Cp 

jjr n xm. n p — y\" "" i x r _ \y\ K " r ~ 

(1.12) 

where Cn, s , p is given by (11.41) and < c p < 1 is given by 

c p := min ((1 - r) p - r v + pr p ~ l ) . (1.13) 

0<t<1/2 V ' 

If p = 2, then f 1 1 . 1 2 j) zs an equality with C2 = 1. 

We refer to the substitution of u by f = u; -1 ^, where is a positive solution of the 
Euler-Lagrange equation of the functional under consideration, as 'ground state sub- 
stitution'. In the linear and local case, such representations go back at least to Jacobi 
and have numerous applications, among others, in the spectral theory of Laplace and 
Schrodinger operators (see the classical references [Bl IHe] and also [D]), constructive 
quantum field theory (especially in the work by Segal, Nelson, Gross, and Glimm- 
Jaffe; see, e.g., |GJ] ) and Allegretto-Piepenbrink theory (developed in particular by 
Allegretto, Piepenbrink and Agmon; see, e.g., [Ml IE] for references). Our goal in this 
paper is to derive a non-local and non-linear analog of such a representation. Despite 
all these applications, even in the linear case a non-local version of the ground state 
representation has only recently been found |FLS] . While we were only interested in 
a special case in [FLSj . here we wish to show that this formula holds in a much more 
general setting. Moreover, for p > 2 we will find a non-linear analog of this repre- 
sentation formula in the form of an inequality. This is the topic of Section [2] where 
we consider functionals of the form (11.21) with \x — y\~ N ~P s replaced by an arbitrary 
symmetric and non-negative, but not necessarily translation invariant kernel. 

This paper is organized as follows. In Section [2] we derive Hardy inequalities and 
ground state representations in a general setting and in Section[3]we apply this method 
to prove Theorems 11.11 and 11.21 In Section H] we show that Theorem 11.11 implies 
the optimal Sobolev embedding (11. lip by using some facts from Appendix [A] about 
rearrangement in fractional Sobolev spaces. 
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2. Ground state substitution 

2.1. General Hardy inequalities. We fix N > 1, p > 1 and a non- negative mea- 
surable function on R^ x R w satisfying k(x,y) = k(y,x) for all x, y £ R^. Our 
goal in this section is to provide a condition under which a Hardy inequality for the 
functional 



E[u] :— // — u(y)\ p k(x, y) dxdy . 

JjR N xR N 

holds. Loosely speaking, our assumption is that there exists a positive function uj 
satisfying the equation 

(u{x) - u(y)) \u(x) - u(y)r 2 k{x, y) dy = V^xf- 1 (2.1) 

for some real- valued function V on R . We emphasize that if k is too singular on the 
diagonal (for instance, in our case of primary interest k(x,y) — \x — y\~ N ~ ps , s > 0) 
the integral on the left side will not be convergent and some regularization of principal 
value type will be needed. We think of uj as the 'virtual ground state' corresponding 
to the energy functional E[u] — J V\u\ p dx. 
We formulate the precise meaning of ( 12. ip as 

Assumption 2.1. Let u be a positive, measurable function on R . There exists a 
family of measurable functions k e , e > 0, on R^ x R^ satisfying k e (x,y) = k £ (y,x), 
< k e (x,y) < k(x,y) and 

limk £ (x,y) = k(x,y) (2.2) 
for a.e. x, y £ R . Moreover, the integrals 

V e (x) := 2 cu(x)- p+1 [ {u(x)-u{y))\u(x)-u{y)r 2 k £ {x,y)dy (2.3) 



are absolutely convergent for a.e. x, belong to L lj i oc (R 7V ) and V := \im e ^ V e ex- 
ists weakly in L lj i oc (R 7V ), i.e., J V e g dx —> JVgdx for any bounded g with compact 
support. 

The following is a general version of Hardy's inequality. 

Proposition 2.2. Under Assumption \2.1\ for any u with compact support and E[u] 
and J V + \u\ p dx finite one has 

E[u) > [ V{x)\u{x)\ p dx . (2.4) 

In applications where additional properties of k and V are available, the assumption 
that u has compact support can typically be removed by some limiting argument. It 
appears here because we want to work with the rather minimal Assumption 12.11 

Our next result improves this in the case p > 2 by giving an explicit remainder 
estimate. It involves the functional 

f f PR 

E w [v\ := // \v(x) — v(y)\ p uj(x)2k(x, y)oj{x)^ dxdy 
JJr n xr n 
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and is a non-linear analog of what is known as 'ground state representation formula'. 

Proposition 2.3. Let p > 2. Under Assumption \2. 11 for any u with compact support 
write u — uv and assume that E[u], fV + \u\ p dx, and E^v] are finite. Then 

E[u\- I V{x)\u{x)\ p dx > CpE u [v] (2.5) 

with c p from fll. 13|) . If p = 2, then (12.51) is an equality with Ci = \. 

We shall prove Propositions 12.21 and 12.31 in Subsection 12.41 after having discussed a 
typical application and having explained their analogs involving derivatives. 

In this paper we are mostly interested in the case where k(x,y) = \x — y\~ N ~ ps 
which enters in (II .3p . For this particular choice of the kernel and for p = 2, ground 
state representation (12. 5p (with equality) was proved in |FLSj . The results for general 
kernels k seem to be new, even in the linear case p = 2. 

Remark 2.4. In the proofs of Propositions 12.21 and 12.31 we will not use that the un- 
derlying space is M. N or that the measure is Lebesgue measure. Hence similar results 
hold, e.g., when M. N is replaced by a domain Q. Another case of interest is that of 
the Laplacian on a weighted graph, where M. N is replaced by a (discrete) graph T and 
dx by the counting measure on T and E[u] is replaced by j &r k(i, j)\ui — uj\ p for 
a sequence (wi)ier- Propositions 12.21 and 12.31 continue to hold in this situation after 
the obvious changes. In the special case p = 2, F = Z N and k such that k(i,j) = if 
\i — j\ > 1, one recovers a formula for Jacobi matrices which was recently proved in 
|FSW] . 

In the special case p = 2 and k(x,y) = \x — y\~ N ~ 2s , the representation (12.11) 
with non-negative V gives a simple sufficient condition for V to be a multiplier from 
WKK^) to H / 2 ~ s (]R Ar ). For s — 1/2 and general, not necessarily sign-definite V this 
problem is addressed in [MVj . 

2.2. Example. A typical application of the ground state representation (I2.5P in math- 
ematical physics concerns pseudo-relativistic Schrodinger operators \/ — A + m 2 + Vq 
with a constant m > 0. Indeed, the kinetic energy can be put into the form considered 
in this section, 



vW+^W0\ 2 d£ = jj \u(x)-u(y)\ 2 k m (\x~y\)dxdy 
where m(£) = (2tt)~ n / 2 J rN e~^' x u(x) dx is the Fourier transform of u and 

k n f (f ) {N+m r-^ 2 K (N+1)/2 (mr) if m > , 
m[T) \ n -(N + D/2 2 -i r((Ar + x) /2) r -N-i if m = o ; 

with K v a Bessel function; see |LL| Sect. 7.11]. 
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More generally, one can consider non-negative functions t and k on R related by 

t(£) = 4/ A;(x)sin 2 (^-x/2)dx (2.6) 

and introduce the self-adjoint operator T = t(D), D = —iV, in L 2 (^ N ) with quadratic 
form 

E[u]:= [ m\m\ 2 d£= [[ \u(x)-u(y)\ 2 k(x-y)dxdy. (2.7) 

JR N JJr n xR n 

The last identity is a consequence of Plancherel's identity and (\2.6\i . We assume that t 
is locally bounded and satisfies £(£) < const |£| 2s for some < s < 1 and all large £ and, 
similarly, that k(x) is bounded away from the origin and satisfies k(x) < const |a;| _iV_2s 
for all small x. Under these assumptions, H S (W N ) = W 2 (M. N ) is contained in the form 
domain of T and we can consider the Schrodinger-type operator T + Vq with a real- 
valued function Vq G L d /( 2s )(M N ) + Loo(WL N ). Put Ao = inf spec (T + Vq) and assume 
that a positive function to satisfies 

(T + V )lu = X uj 

in the sense of distributions. (Note that we do not require Ao to be an eigenvalue 
and uj an eigenfunction.) If to is Holder continuous with exponent s, then one easily 
verifies Assumption 12.11 and one obtains the ground state representation 



t{0W0\ 2 d£+ / V {x)\u{x)\ 2 dx - A / \u{x)\ 2 dx 
Jr n Jr n 

\v(x) — v(y)\ 2 u)(x)k(x — y)co(y) dx dy 
for all u in the form domain of T and v = uo~ l u. 



{21 



2.3. The local case. Before proving Propositions 12.21 and 12.31 we would like to recall 
their 'local' analogs. Since these facts are essentially well known we shall ignore some 
technical details. Let g be a positive function on M> N and put 

E[u\ := [ g\Vu\ p dx 
Jrn 

(with the convention that this is infinite if u does not have a distributional derivative 
or if this derivative is not in L p (M. N , g)). Moreover, assume that uj is a positive weak 
solution of the weighted p-Laplace equation 

- dw{g\Vuj\ p - 2 Vuj) = VujP- 1 . (2.9) 

We claim that for any u with E[u] and j V + \u\ p dx finite one has 

E[u] > [ V{x)\u{x)\ p dx . (2.10) 
Jr n 
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This is clearly the analog of ( 12. 4ft . To prove ( 12.101) we write u = uv and use the 
elementary convexity inequality 

\a + b\ p >\a\ p + p\a\ p - 2 Rea-b (2.11) 

for vectors a, b G and p > 1. This yields 

£7[u] = / 5(|t;Vcj + u;Vf | p rfx 



> / g\v\ p \Vuj\ p dx+p I g\Vuj\ p ~ 2 ujRev\v\ p - 2 Vv ■ Vudx . 
Jr n Jr n 

Recognizing the integrand in the last integral as p~ l guj\ Vuj\ p ~ 2 Vuj ■ V(|f| p ) and inte- 
grating by parts using (12.91) we arrive at (I2.10p . 

Next we show that for p > 2, ( 12. 10[) can be improved to 

E[u) - [ V{x)\u{x)\ p dx >c p [ gu p \Vv\ p dx =: CpE u [v] . (2.12) 

JRN J 

for u — uv with E[u), J V + \u\ p dx, and E u [v] finite. This follows by the same argument 
as before if one uses instead of (12. lip its improvement 

\a + b\ p > |a| p + p|a| p - 2 Rea-6 + c p |6| p (2.13) 

for p > 2. One can show that c p given in (11.131) is the sharp constant in this inequality. 

Since (12 . 13[) is an equality forp = 2 and cq, — 1, so is (I2.12p . This is the ground state 
representation which is familiar from the spectral theory of differential operators. In 
the case p > 2, (I2.12p can be used to derive remainder terms in Hardy's inequality on 
domains; see, e.g., |BFT] . 

Remark 2.5. In the case g = 1, N ^ p, and with lo(x) = \x\~( N ~ p >/ p and v(x) = 
the local Hardy inequality with remainder term yields the following 
improvement of (11.11) . 

Jr» -\pJJr» \%\ p V \x\ n ~p 

The constant c p in (12.141) is sharp for any p > 2. For N > p, this can be shown by using 
a trial function of the form u(x) = \x\~ <yN ~ p ^ p+a for |se| < 1 and u(x) = \x\^ <yN ^' p, / p ~ e 
for \x\ > 1, letting e — > and choosing a = (N — p)/(pr) where < r < 1/2 is the 
minimizer in fll. 13j) . Similarly, for N < p, we choose u(x) = \x\~ ( - N ~ p ^ p+a for \x\ > 1 
and u(x) = \x\~^ N ~ p ^ p+£ for \x\ < 1. 

2.4. Proof of Propositions 12.21 and 12.31 We shall need the elementary 
Lemma 2.6. Let p > 1. Then for all < t < 1 and a G C one has 

\a-t\ p > (1 -t) p -\\a\ p -t) . (2.15) 
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For p > 1 this inequality is strict unless a = 1 or t = 0. Moreover, if p > 2 then for 
all < t < 1 and all a E C one has 

\a - t\ p > (1 - (|a| p - *) + c p t p/2 |a - l| p , (2.16) 

with < c p < 1 given 6?/ (11.131) . For p = 2, ( 12. 16[) «s an equality with c 2 = 1. For 
p > 2, (I2.16P «s a stnct inequality unless a = 1 or t = 0. 

Remark 2.7. The fact that in (12.161) the same constant c p as in (I2.13P appears is not a 
coincidence. Indeed, putting a = 1 + ea and t = 1 — eb for some a G C and b > and 
expanding (12.161) up to order e p we recover inequality (12.131) with vectors a, b replaced 
by numbers a, 6. 

Proof. To prove the first assertion note that for fixed \a\ the minimum of the left side 
is clearly achieved for a real and positive. Since for \a\ p < t the inequality is trivial, 
one may thus assume that a > t 1 ' p . The assertion then follows from the fact that the 
derivative with respect to a of (a — t) p / (a p — t) vanishes only at a = 1. 

To prove the second assertion, we may assume that p > 2, since (12.161) is an equality 
if p = 2. We first prove the assertion for real a. The function 



f(a,t) := 



a — t\ 


p - (1 


-t) p ~ 




p -t) 


tP/ 2 \ 


a-l\P 



diverges at a = 1, and its partial derivative with respect to a is given by 
df p(l-t) p - 2 (\a-t\ p - 2 (t-a) \a\ p - 2 a-t\ 

da^'" ~ tP/ 2 {a- l)\a- 1\p \ (1 - t)^ 1 + 1-t ) ' 

For a > 1 > t this is negative, as follows from the first assertion with p replaced by 
p — 1. Hence for all a > 1, 

f(a, t) > /(+oo, t) = t'Pl 2 (1 - (1 - t)P- x ) . 

An elementary calculation shows that the latter function is decreasing for t G (0, 1). 
This proves that f(a,t) > 1 for a > 1. 

Next, we claim that / does not attain its minimum in the interior of the region 
{{a,t) : — oo < a < 1, < t < 1}. To see this, we write the partial derivative of / 
with respect to t as 

a-t\ p - 2 {t-a) \a\P- 2 a-t\ 
(1 - t)P~ l + 1-t ) 

+ T — t {(\a\P-l)(p-2)-ap(\a\P- 2 -l)) 

The first line vanishes in case df /da = 0. Moreover, it is easy to see that the second 
line is non-zero for a E (—oo, 1) \ {—1}. In fact, it is positive if a G (—oo, —1) and 
negative if a G (—1, 0]. If < a < 1, it is negative in view of 

a p — 1 p 
aP~ l - a p-2 ' 



df, \ (l-ty- 1 , J 
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(The latter inequality holds since the left side is strictly monotone decreasing.) To 
treat a = — 1 one checks that df /da (— 1, t) for < t < 1. This proves that / does 
not attain its minimum in the interior of the region {(a, t) : — oo<a<l,0<£<l}. 

Now we examine / on the boundary of that region. Similarly as above, we have 
lim^-oo f(a, t) > 1 uniformly in t G (0, 1). Moreover, lim^o /(o, t) = +oo uniformly 
in a < 1, and \im t ^\ f(a,t) = 1 uniformly in a < 1 — e for all e > 0. Finally, 
lim a ^! f(a,t) = +oo uniformly in t G (0, 1 — e) for all < e < 1. Thus it remains 
to study the limit a — *■ 1 and t —*■ 1. For given r > we let a — > 1 and t — > 1 
simultaneously with 1 — t = r(l — a) and find 

lim/(a,l -r(l - a)) = |1 - r\ p - r p + pr^ 1 > c p . 

a— >1 

The last inequality follows from the definition of c p and the fact that the minimum 
over r is attained for r G (0, 1/2). This proves that f(a,t) > c p for all a G R \ {1} 
and < t < 1. 

Finally, we assume that a is an arbitrary complex number. We write a — t = x + iy 
with x and y real and put (3 := |a — t\. What we want to prove is that for all (3 > 
and x G (— /3, /3) one has 

(1 - ty-\(3 2 + 2tx + t 2 ) p/2 + c p t p/2 {(3 2 - 2(1 - t)x + (1 - t) 2 Y' 2 <(3 p + (l- ty-H . 

But for fixed /3, the left side is a convex function of x in the interval (—/?,/?), so its 
maximum will be attained either at x = (3 or x = —/3, that is, for real values of a — t. 
This reduces the assertion in the complex case to the real case and completes the 
proof. ■ 

We now turn to the 

Proof of Proposition ^.^. We may assume that J V-\u\ p dx < oo, for otherwise there 
is nothing to prove. Replacing u by u min{l, M|m| -1 } and letting M — > oo using 
monotone convergence, we may assume that u is bounded. Recall also that u is 
assumed to have compact support. 

We write u = u>v, multiply (12.31) by \v (x)\ p ui(x) p and integrate with respect to x. 
After symmetrizing with respect to x and y (recall that k e (x,y) = k e (y,x)) we obtain 



// 

J Jw 



{\v(x)\ p uj{x) - \v{y)\ p u(y)) (u(x) - u(y)) \u(x) - u(y)\ p 2 k £ (x,y)dxdy 
V £ (x)\u(x)\ p dx . 



We write this as 

$ u (x, y)k £ (x, y) dxdy + / V £ \u\ p dx = // \u(x) — u(y)\ p k £ (x, y) dxdy 

R^xR" JR N ' JjR N xR N 

(2.17) 
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where 

®u(x,y) : = \u(x)v(x) -u(y)v(y)\ p 



- (u>(x)\v(xW - u;(y)\v(y)\v) (w(x) - w(y)) |w(x) - c^f" 2 • (2-18) 

We claim that $ u > pointwise. To see this, we may by symmetry assume that 
uj(x) > uj{y). Putting t = u(y)/u(x), a = v(x)/v(y) and applying (12.151) we deduce 
that $ M > 0. 

Now we pass to the limit e — > in (12.171) . Since \u\ p is bounded with compact 
support and V E — > V weakly in L^ioo the integral containing V £ converges. The other 
two terms converge by dominated convergence since < k £ < k, and we obtain 

// $ u (x,y)k(x,y)dxdy+ V\u\ p dx = E[u). (2.19) 

JJr n xR n JR n 

This implies the assertion since $ u > 0. ■ 

Proof of Proposition \2.3[ The proof is similar to that of Proposition I2.2[ using (12.161) 
instead of (12.151) . We omit the details. ■ 

Remark 2.8. Below we shall need a slight refinement of Propositions 12.21 and 12.31 If 
in Assumption 12.11 the statement l V E — > V weakly in Li j i oc (R 7V )' is replaced by the 
statement l V £ — > V weakly in Li^ oc (Q) for an open set Q C M , then (12.41) and (12.51) 
remain valid for u with supp u C Vt. This is really what we have shown in the above 
proof. 

3. Proof of the sharp Hardy inequality 
Throughout this section we fix iV > 1, < s < 1 and p ^ N/s and abbreviate 

a := (N — ps)/p . 

We will deduce the sharp Hardy inequality (11.31) using the general approach in the 
previous section with the choice 

w (a:) = |a:|- a , k(x, y) = \x - y\~ N ~ ps , V(x) = C N ^ p \x\~ ps . (3.1) 



3.1. The Euler-Lagrange equation. We begin the proof of Theorem II. II by verify- 
ing that to solves the Euler-Lagrange equation associated with ( 11.31) . 

Lemma 3.1. One has uniformly for x from compacts in M. N \ {0} 

21im I Mxl-^K^-^r 2 ^!/)^^^- 1 (3.2) 



e ^°./||x|-|i,||> e ' ' ' ' \X\ PS 



with Cn, s , p from (11.41) . 
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Proof. First note that it suffices to prove the convergence (13.21) for a fixed x G M^lO}, 
since the uniformity will then follow by a simple scaling argument. Now the integral 
on the left side of (13.21) is absolutely convergent for any e > and after integrating 
out the angles it can be written as 

where r = \x\, 

<p{p,r) 



r — p 




(3.4) 



and $ = &n,s,p given in (11.51) . Since p(l — s) > 0, the convergence of the integral in 
(13.31) for e — > will follow if we can show that (p(p,r) is Lipschitz continuous as a 
function of p at p = r. For this we only need to prove that (1 — t) 1+ps $(t) and its 
derivative remain bounded as t — > 1— . 

For N = 1 this is obvious and hence we restrict ourselves to the case N > 2 in the 
following. One can prove the desired property either directly using elementary esti- 
mates or, as we shall do here, deduce it from properties of special functions. According 
to [SB (3.665)] 

$(t) = IS^ 2 ! B(^, |) F(^, Ef 2 -, f ; t 2 ) 

where F(a, b, c; z) is a hypergeometric function. If a + b — c > 1 then both (1 — 
z) a+b ~ c F(a, b, c; z) and its derivative 

d ( (1 _ z y+b-c F ^ b z) \ = (c-a)(c-b) _ +M 

az c 
have a limit as z — > 1 — ; see \Lu\ Sec. 6.2.1, 6.8]. Since a + b — c=l+ps>l in 
our situation, one easily deduces that (1 — t) 1+ps $(t) and its derivative have a limit 
as t — > 1—. 

This argument gives (13.21) with Cn )S)P replaced by the constant 

c N ,s, P ■= 2 hJ 1p _ 11>£ \l g ~%~Jl ^ i} dp - (3 - 5) 

To see that this constant coincides with (II. 4p . we change variables p i— > p^ 1 in the 
integral on (1 + e, oo). Recalling the properties of ip we can pass to the limit e — > 
and obtain 

C' N , S , P = 2(sgna) J 1 (p-^- s ^(p-\ 1) - <p(p, 1)) (1 _^ 2 P _ p(1 _ s) 

= 2 / p^- 1 |i - P y $( P ) dp , 

Jo 

which is (II. 4p for N > 2. The proof for iV = 1 is similar. ■ 
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Remark 3.2. It is possible to express the sharp Hardy constant as an N- dimensional 
double integral 



C 



N,8,p 



\N — ps 


2 


V 


s N - l \ 



{\x\<K\y\} 



N—ps N—ps 



\x\ p — \y\ p 



p 1 dxdy 

\x-y\ N +rs- 1 j 



To see this in the case iV > ps, we multiply the integral in (13.21) by Xb(x), the 
characteristic function of the unit ball B C R , and integrate with respect to x. After 
symmetrizing with respect to the variables x, y and passing to the limit e — > 0, we 
find 

(Xb(x) - Xb{v)) {u{x) - u(y)) \u(x) - uj(y)\ p ~ 2 k(x,y) dxdy 

R N xR N 

. oj^xf- 1 
^N,s,p I ; ~ dx . 



B 



X ps 



Performing the integration on the right side yields (13.61) for N > ps. In the case 
iV < ps, we multiply (13.21) by 1 — Xb{%) and proceed similarly. 

3.2. Proof of the Hardy inequality. We apply the general approach in Section [2] 
with k, u), V as in (13.11) and 



ks{x,y) := < .„ (3.7) 




For simplicity, let Q = W£(R N ) if N > ps, and Q = W°(R N \ {0}) if < ps. 
In Lemma 13.11 we have verified that the modification of Assumption 12.11 mentioned 
in Remark EH is satisfied for Vl = R N \ {0}. Inequalities ([L3D and (Q21> for u G 
C^°(M, N \ {0}) are an immediate consequence of Propositions 12.21 and 12.31 By density 
they extend to the homogeneous Sobolev space Q. 

Next we shall prove that for p > 1, inequality (II. 3p is strict for all ^ u e Q. 
(Note that for p > 2 this is an immediate consequence of (11.121) .) We start from 
identity (12.191) which was proved for bounded functions u with compact support in 
R N \ {0} and with f V\u\ p dx and f f \u(x) — u(y) \ p k(x, y) dx dy finite. By a standard 
approximation argument, this identity extends to any u G Q with $ u given by (12.181) 
and u = ujv. 

Assume that (12.41) holds with equality for some u G Q, and hence also for \u\. Since 
$m is non-negative and k is strictly positive, it follows from (12. 19ft that = 0. 
Since p > 1 this implies that u(x)~ p \u(x)\ p is a constant (see Lemma 12.61) . whence 
u = 0. This proves that inequality (12 .4p is strict for any 0^u&Qiip>l. 

3.3. Sharpness of the constant. To prove that the constant Ctv, s ,p i n (12.4j) is optimal 
we first assume that N > ps and use a family of trial functions u n G VKf(M ) which 



approximate the 'virtual ground state' to. For any integer n G N we divide IR into 
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DiV 



Or, 



{x e I 
{x e R N 
{x e R N 



< \x\ < 1} , 

1 < \x\ < n} , 
\x\ > n} , 



and define the functions 



1 — n a if x G / , 
m„(i) := { \x\- a -n- a iixeM n , 

if x e O n . 

These functions belong to (M. N ) and hence also to W£ (M. N ). Similarly as in the proof 
of Proposition 12.21 we integrate the right side of (13.21) against u n (x) and symmetrize 
with respect to the variables. One easily shows that in the limit e —>■ one obtains 



R N xTS. N 
- Cn,s,p 



u n {x) - u n (y))(uj(x) - u(y))\uj(x) -uj(y)\ p 2 k(x,y)dxdy 
p-i 



U n {X)UJ{X) 



X 



ps 



dx . 



(3. 



Here we use the same abbreviations as in (13. ip . The left side of (13.81) can be rewritten 



as 

with 
TZ : = 



R N xR N 



\u n (x) - u n (y) \ p k(x, y) dxdy + 2 K 
(1 - u(y)) ((co(x) - uoiy))?- 1 - (1 - ufo))*" 1 ) k(x, y) dxdy 



>x£l,y€M n 

+ ff (u(x) - n~ a ) {{uo{x) - uj{y)Y^ - (u(x) - n^f' 1 ) k{x, y) dx dy 

J JxeM n ,y€O n 

+ 11 (1 - n- a ) ((u(x) - uo(y)) p - 1 - (1 - rT a ) p - 1 ) k(x, y) dx dy . 

J Jx£l,yeO„ 

It follows from the explicit form of uj(x) that the integrands in all three integrals are 
pointwise non-negative, hence 

TZ > . (3.9) 
On the other hand, the right side of (13.81) divided by C/v,s,p can be rewritten as 



it: 



\x\P s 



dx + n 1 + n 2 



with 



n x : 
n 2 



■=f {i- n ~ a ) (V^r 1 - (i - n^y- 1 ) 



dx 



x 



ps 



(u{x) - n~ a ) (u(xy- 1 - (uj{x) - n- a ) p ^ 



dx 
\x\p° 
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Again both terms are non-negative and we shall show below that 

n 1 + n 2 = 0{l) asrwoo. (3.10) 

Since obviously f uP\x\~ ps dx — > oo as n — > oo we conclude from (13.91) and (I3.10p that 

JJ R N XK M \u n {x) - u n (y)\ p k(x,y) dxdy 
J RN \u n (x)\P\x\-P s dx 

TLx+lli \ 2^o 

J r n \u n (x)\P\x\-P s dx ) J RN \u n (x)\P\x\-P s dx 
< C N , S , P (1 + o(l)) 

as n —>■ oo. This shows that Cn, s ,p is sharp. 

It remains to prove (13.101) . Since the integrand in TZi is pointwise bounded by 
oj(x)P~ l \x\~ ps = \x\ a ~ N we find that TZi < L x \ Kl \x\ a ~ N dx < oo. To estimate 7Z 2 we 
use that 1 - (1 - tf' 1 < C p t for < t < 1 with C p = 1 for 1 < p < 2 and C p = p - 1 
for p > 2. Hence the integrand in TZ 2 can be bounded according to 

(u(x) - n- a ) (cu(x)p- 1 - (u(x)-n- a Y^ < C p n- a u(x)P- 1 

and therefore after extending the integral to all \x\ < n and scaling iHi/nwe obtain 
7^2 < C p j lxl<1 \x\ a ~ N dx < oo. This proves fEUOl) . 

The case N > ps is treated similarly, using a sequence of trial functions of the form 

{0 if |ar| < 1/n , 

\x\~ a -n- a ifl/n<|x|<l, 
(1 — n~ a )x(\x\/m) if \x\ > 1 , 

where < x < 1 is a smooth, compactly supported function with x{t) = 1 for small 
t. After letting m — > oo, the calculation proceeds along the same lines as above. 

3.4. The case p = 1. To conclude the proof of Theorem 11.11 we need to characterize 
the minimizers in the case p — 1. Actually, we present an alternative, simpler proof 
of inequality (11 .3p in this case based on a symmetrization argument. 

Note that the right side of (I1.3P remains unchanged if u is replaced by \u\, whereas 
the left side does not increase. Indeed, it strictly decreases unless u is proportional 
to a non-negative function. Moreover, under symmetric decreasing rearrangement the 
left side of (11.31) does not increase (see |AL] and also Theorem IA.1I) , whereas the right 
side does not decrease. Indeed, it strictly increases unless \u\ is symmetric decreasing 
(see [LLl Thm. 3.4]). This argument shows that any optimizer (provided it exists) 
will be proportional to a symmetric decreasing function. Below we show that (11.31) 
holds with equality for any symmetric decreasing u. By the previous argument this 
provides an alternative proof of Theorem 11.11 in the case p = 1 . 

A symmetric decreasing function u has a layer cake representation u = J °° \t dt 
with Xt the characteristic function of a ball centered at the origin with some radius 
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R(t). In this case the integral on the right side of ( 11. 3p equals 

\u(x)\ , IS^- 11 ro ° 



J 



I jjjv \x\ s N — s 

and the integral on the left side equals 



dx = l - I R(t) N - s dt 



tariff l/feW-x.M)^l di , !/ 



R iv xM iv \x-y\ N +P s ' ' JJ{\x\<\y\} \x-y\ N+a 

2 [[[ \x -y\- N - s dxdydt 

J J J{\x\<R(t)<\y\} 

\-N-s » J.. / r>u\N-s 



= 2// \x-y\- N ~ s dxdy R(t) N ~ s dt. 

JJ{\x\<K\y\} JO 

This shows that f ll . 3[) holds with equality for any symmetric decreasing function. 



4. Sharp Sobolev embedding into Lorentz spaces 

Let 1 < q < oo, 1 < r < oo and recall that the Lorentz space L qtr (R N ) cons: 
those measurable functions u on for which the following quasinorm is finite 



I ^ II Q,T ■ " 



/ roc \ V r 

(?/ //u(0 r/ ^ r_1 ^ ifl<^<00, HwUg.oo^SUpM*) 17 '*. 

V Jo / t>o 



Here /U u (t) := {x G E : > t] denotes the distribution function of u. Note 

that L M (R N ) = L g (R N ) and that one has strict inclusions L q>r (R N ) C L q>a (R N ) for 
r < s. A classical result by Peetre [P] states that the standard Sobolev embedding 
Wp(R N ) C L P *(R N ), p* = Np/(N -ps) for N > ps, can be improved to W£(R N ) C 
L p * iP (WL N ). Peetre's proof is based on interpolation and requires p > 1. We refer to 
[T] for more elementary interpolation arguments, including the case p = 1. 

Here we give a direct proof of this embedding which avoids interpolation. It is based 
on symmetrization and leads to sharp constants. 

Theorem 4.1 (Sharp Sobolev inequality). Let N>l,0<s<l,l<p< N/s and 
put p* = Np/(N - ps). Then W p (R N ) C L P * >P (R N ) and 

S / N / r r u.r„\ ..(..vp \ 1 /p 



N Y n-Vvf ff \u(x)-u(y)\P 

\x-y 



MU<l^n) II ixd y \ (4.i; 



for any u G W p {R ) with Cn, s ,p from (jl.4p . This constant is optimal. For p = 1 
equality holds iff u is proportional to a non-negative function v such that the level sets 
{v > t} are balls for a.e. r. For p > 1 the inequality is strict for any u ^ 0. 



For p = 1 and u a characteristic function we obtain 
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for any Q C M. N of finite measure, with equality iff Q is a ball. Moreover, using that 



Nl,,r<^-J 1-1 \\u\\ q ,p, P<r, 

(which is easily proved using the layer cake representation for fi^/ q and Minkowski's 
inequality) one obtains 



Corollary 4.2. Let N > 1, < s < 1, 1 < p < N/s and p < r < oo. Put 



p* = Np/{N -ps). Then W£(R N ) C L p * ir (R N ) and 



P*\ 1/r ( P\ 1/P ( N \ S/N n -y P { ff \u(x)-u{y)\r x 1/p 



(4.3) 



Setting r = p* in (14.31) we recover the standard Sobolev inequality (11.81) . Using the 
bound (ll.lOp on the constant, we recover the result (11.91) by Maz'ya and Shaposh- 
nikova. 

The link between Theorem 14.11 and the sharp Hardy inequality (11.31) is 

Lemma 4.3. Let < s < 1 and 1 < p < N/s. Then for any non-negative, symmetric 
decreasing u on M. N 

(4 ' 4) 

Proof. Introducing w = u p and \i = \i w we can rewrite the left side of (I4.4p as 

\hi*, p = - / Ktydt. 

P Jo 

We write w = J °° \t dt in its layer cake representation. Here Xt is the characteristic 
function of {x : w(x) > t}, which is a ball of radius (N n(t) /IS 1 ^ -1 ]) 1 ^ . Hence 

N—ps 

™ dx =r([^ dx ) dt = ^is-if r M t)^ ^ , 

\x\ ps Jo \Jm \x\ ps J N-ps l Jo 
proving (14.41) . ■ 



Proof of Theorem J^.l. By symmetric decreasing rearrangement it suffices to prove 
(14. II) for symmetric decreasing u (see |AL] and also Theorem IA. II) . for which it is 
an immediate consequence of Theorem 11.11 and Lemma 14.31 The sharpness of the 
constant and the non-existence of optimizers for p > 1 follows Theorem 11.11 For 
p = 1 one uses the characterization of equality in the rearrangement inequality in 
Theorem IA.11 ■ 



Remark 4.4. The 'local' analog of (14.11) for s = 1 is 

l / N p / r \ J i' 

N -p 



4p*, P < ( T^-A I |V//(.r)|",/.r) (1.0) 
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for N > 2, 1 < p < N and p* = Np/(N -p). It is due to [ONl [P]; the sharp constant 
in this case was found by Alvino [Alj. Inequality (14. 5 p can be proved in the same way 
as Theorem 14.11 with the fractional Hardy inequality ( 11.3|) replaced by the classical 
Hardy inequality ( 11. II) . 

Appendix A. A strict rearrangement inequality 

Almgren and Lieb [AL] have shown that the norm in W£(R N ) does not increase 
under rearrangement. Since we have not found a characterization of the cases of 
equality in the literature, we include a proof. The special case p — 1 has been used in 
the proof of Theorem 14.11 

Theorem A.l. Let N > I, < s < 1, l<p< N/s and u e W£(R N ). Then 

^-^r ixdv >[[ -"-Mi' .fa,,,, (a.i) 



<.« \x-y\ N +'° JJwxR* \x-y\"+<" 

If p = 1, then equality holds iff u is proportional to a non-negative function v such 
that the level set {v > r} is a ball for a.e. r > 0. If p > 1, then equality holds iff u is 
proportional to a translate of a symmetric decreasing function. 

Though we do not use the 'only if statement for p > 1 in this paper, we have 
included it since we think it is interesting in its own right. It might be compared with 
the result in the 'local case', namely, that if equality in J \Vu\ p dx > J \ Vu*\ p dx is 
attained for a non-negative u, then the level sets of u are balls, but u is not necessarily 
a translate of a symmetric decreasing function; see [BZj . 

We start by considering a slightly more general situation. For J a non-negative, 
convex function on R with J(0) = and k a non-negative function on ~R N , we let 



E[u] := // J(u(x) — u(y))k(x — y) dx dy . 

JjR N xR N 

Lemma A. 2. Let J be a non-negative, convex function on M with J(0) = and let 
k G Li(R ) be a symmetric decreasing function. Then for all non-negative measurable 
u with E[u] and \ {u > r}| finite for all r > one has 

E[u] > E[u*\ . (A.2) 

//, in addition, J is strictly convex and k is strictly decreasing, then equality holds iff 
u is a translate of a symmetric decreasing function. If J(t) = \t\, then equality holds 
iff the level sets {u > r} are balls for a.e. r > 0. 

Inequality ( 1A.2I) under the additional assumptions J{t) = J(—t) and f J(u(x)) dx < 
oo is due to Almgren and Lieb |ALj . The characterization of cases of equality seems 
to be new. 

Proof. As in \LL\ Thm. 3.5] we can write J = J + + J_ with J+(t) = J(t) for t > 
and J+(t) = for t < 0. We decompose E = E + + £L accordingly. Below we prove 
the assertion of the lemma with E replaced by E + . The assertion for E_ (and hence 
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for the original E) follows by exchanging the roles of x and y and replacing J(t) by 
J{—t). Note that this argument yields a characterization of cases of equality under 
the weaker assumption that J is strictly convex on either R + or R_. 

Step 1. We first prove the assertion under the additional assumption that u is 
bounded. Since J+ is convex it has a right derivative J' + , which is non-negative and 
non-decreasing. Writing J+(t) = f Q J' + {r) dr one finds 



J+(u(x) - u(y)) = / J' + (u(x) - r)x{ u <r}(y) dr , 
Jo 

and hence by Fubini 

POO 

E+[u] = / e+[u]dr (A.3) 
Jo 

where 

e r M : = // J' + {u(x) -r)k(x -y)x{u<r}(y)dxdy . (A.4) 
J Jr n xr n 

Since u is bounded and \{u > r}\ < oo one has J RN J' + (u{x) — r) dx < oo. Writing 
X{u<t} = 1 - X{«>r} we obtain 

e+[u] = ||fc||i / J' + (u(x) - t) dx - j I J' + (u(x) -r)k(x -y)x{ u >r}{y)dxdy. 

Jr n JJr n xr n 

(A.5) 

The first integral on the right side of flA.5j) does not change under rearrangement. 



Moreover, we note that (J' + {u — t ))* = J' + (u* - r). By Riesz's rearrangement in- 
equality, the double integral on the right side of flA.5j) does not decrease under re- 
arrangement, proving e+[u] > e+fw*] and hence E + [u] > E + [u*]. 

To characterize the cases of equality assume that k is strictly decreasing and = 
E + [u*] for some bounded u. Then by (I A. 51) e^[u] = e^[u*] for a.e. r, and by Lieb's 
strict rearrangement inequality [L] for a.e. r > there is an a T G M. N such that 
X{u<t}(x) = X{u*<t}(x - Or) and 

J±(u(x) -r) = J'±(u*{x-a T ) -r) (A.6) 

for a.e. x. If J+(t) = £+ for all £, this means that {u > r} is a ball for a.e. r > 0. 
Now assume that J + is strictly convex on IR + . Then J' + is strictly increasing on M + 
and we conclude that (u(x) — r)+ = («*(a; — a T ) — r) + for a.e. r and x. This is easily 
seen to imply that a T is independent of r, and hence u is a translate of a symmetric 
decreasing function. 

Step 2. Now we remove the assumption that u is bounded, that is, we claim that 
(1A.2I) holds for any non-negative u with E[u] and \{u > r}| finite for all r. To see this, 
replace u by um = min{w, M} and note that (um)* = (u*)m ='■ u* M and £[«m] < 
By monotone convergence the claim follows easily from E[um] > E[u* M }. 

Step 3. Finally, we characterize the cases of equality for general u. Assume that 
k is strictly decreasing and E + [u] = E + [u*} for some non-negative u with E[u] and 
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\{u > t}\ finite for all r. For any M > we decompose 

u = um + vm , um '■= min{u, M} , 

and find 

E+[u] = E + [u M ] + E + [v M ] + F M (v M (x),u M (y))K x ~ v) dxd V ( A - 7 ) 

J JR N xR N 

with 

F M (v,u) := J+0 + M - u) - J+(y) - J+(M - u) . 

Note that since J+ is convex with J+(0) = 0, one has Fm{v, u) > for < tt < M and 
u > 0. Hence all three terms on the right side of (I A. 71) are non- negative and finite. Note 



that replacing u by u* amounts to replacing um and vm by and v* M , respectively. 
Below we shall prove that the double integral in flA.71) does not increase if both um 
and vm are replaced by u* M and v* M . Moreover, by Step 2, E + [vm] > E + [v M ). Hence 
if E + [u] = E + [u*), then E + [u M ] = E + [u* M ] for all M > 0. Using the characterization 
from Step 1 one easily concludes that u is of the form stated in the lemma. 

It suffices to prove that the double integral in flA.7j) does not increase under re- 
arrangement. Since J' + is increasing, we have J' + (t) = f Q dfj,(r) for a non-negative 
measure Hence J+(t) = J °°(t — r) + d/i(r) and 



F M (v,u)= / fM,r{ v i u ) d K T ) > /a/,t(w,m) := (f+M-w-r)+-(w-r) + -(M-w-r) + . 



o 

Since the integrand is non-negative for < u < M and v > 0, it suffices to prove that 
for all r the double integral 

fM,r(v M (x),u M (y))k(x - y) dxdy 

K N xR N 

does not increase under rearrangement. We decompose further / A/r = f M \ — fff T 
where f M \(v) := v — (v — r) + and 

/$r( u > w) := f — (f + M — m — r) + + (M — u — r) + = min {u, (w - M + r) + } . 

Since is bounded and the support of vm has finite measure, the integral 

is finite and invariant under rearrangement of vm- Finally, by Fubini we can write 

(2) 

fM\r{ v M{x),u M {y))k{x - y) dxdy 

R N xR N 

( / / X{v M >t}{x)k{x - y)x{(u M -M+r)+>t}{y) dxdy J dt . 
o \JJr n xr n J 

By Riesz's rearrangement inequality, this does not decrease under rearrangement, 
completing the proof. ■ 
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Proof of Theorem \A.l[ First note that \u(x)—u(y)\ > \\u(x) \ — \u(y)\\, and that equal- 
ity for all x, y holds iff u is proportional to a non-negative function. Hence we can 
restrict ourselves to non-negative functions. Writing as in |ALj 

with 

I a [ u ] ■=[[ \ u (x) - u{y)\ p e- a \ x - y \ 2 dxdy , 

J JR N xR N 

the assertion follows from Lemma IA.2I ■ 



References 

[AF] R. A. Adams, J. J. F. Fournier, Sobolev spaces. Second edition. Acad. Press., New York, 
2003. 

[AL] F. J. Almgren, E. H. Lieb, Symmetric decreasing rearrangement is sometimes continuous. 

J. Amer. Math. Soc. 2 (1989), no. 4, 683-773. 
[Al] A. Alvino, Sulla diseguaglianza di Sobolev in spazi di Lorentz. Boll. U. M I. (5) 14-A (1977), 

148-156. 

[BFT] G. Barbatis, S. Filippas, A. Tertikas, A unified approach to improved LP Hardy inequalities 
with best constants. Trans. Amer. Math. Soc. 356 (2004), no. 6, 2169-2196. 

[Be] W. Beckner, Pitt's inequality and the uncertainty principle. Proc. Amer. Math. Soc. 123 
(1995), 1897-1905. 

[B] M. Sh. Birman, The spectrum of singular boundary problems. Amer. Math. Soc. Trans. (2) 
53 (1966), 23-780. 

[BBM1] J. Bourgain, H. Brezis, P. Mironescu, Another look at Sobolev spaces. In: Optimal Control 
and Partial Differential Equations. A volume in honour of A. Bensoussan's 60th birthday. 
IOS Press, Amsterdam, 2001, pp. 439-455. 

[BBM2] J. Bourgain, H. Brezis, P. Mironescu, Limiting embedding theorems for W s,p when s f 1 and 
applications. J. Anal. Math. 87 (2002), 77-101. 

[BZ] J. E. Brothers, W. P. Ziemer, Minimal rearrangements of Sobolev functions. J. Reine Angew. 
Math. 384 (1988), 153-179. 

[D] E. B. Davies, Heat kernels and spectral theory. Cambridge Tracts in Mathematics 92, Cam- 
bridge University Press, Cambridge, 1990. 

[FLS] R. L. Frank, E. H. Lieb, R. Sciringcr, Hardy- Lieb- Thirring inequalities for fractional 
Schrodinger operators. J. Amer. Math. Soc, to appear. 

[FSW] R. L. Frank, B. Simon, T. Weidl, Eigenvalue bounds for perturbations of Schrodinger oper- 
ators and Jacobi matrices with regular ground states. Comm. Math. Phys., to appear. 

[GJ] J. Glimm, A. Jaffe, Quantum Physics. A functional integral point of view. Springer, New 
York-Berlin, 1981. 

[GR] I. S. Gradshteyn, I. M. Ryzhik, Table of integrals, series, and products. Seventh edition. 

Elsevier/ Academic Press, Amsterdam, 2007. 
[H] I. W. Herbst, Spectral theory of the operator (p 2 + m 2 ) 1 / 2 — Ze 2 /r. Comm. Math. Phys. 53 

(1977), no. 3, 285-294. 

[He] J. Hersch, Correspondances entre des fonctions propres et valeurs propres de I'equation de 
Helmholtz dans des domaines de dimensions differentes. C. R. Acad. Sci. Paris 271 (1970), 
445-448. 



22 



RUPERT L. FRANK AND ROBERT SEIRINGER 



[KPS] V. F. Kovalenko, M. A. Percl'muter, Ya. A. Semenov, Schrddinger operators with L l ^(R 1 )- 
potentials. J. Math. Phys. 22 (1981), no. 5, 1033 -1044. 

[LL] E. H. Lieb, M. Loss, Analysis. Second edition. Graduate Studies in Mathematics 14, Amer- 
ican Mathematical Society, Providence, RI, 2001. 

[L] E. H. Lieb, Existence and uniqueness of the minimizing solution of Choquard's nonlinear 
equation. Studies in Appl. Math. 57 (1977), no. 2, 93-105. 

[Lu] Y. L. Luke, Mathematical functions and their approximations. Academic Press, New York- 
London, 1975. 

[M] V. Maz'ya, Analytic criteria in the qualitative spectral analysis of the Schrdinger operator. 

In: Spectral Theory and Mathematical Physics: A Festschrift in Honor of Barry Simon's 
60th Birthday, eds. F. Gesztesy, et al., Proceedings of Symposia in Pure Mathematics 76, 
American Mathematical Society, Providence, RI, 2007, 257-288. 

[MSI] V. Maz'ya, T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem concerning 
limiting embeddings of fractional Sobolev spaces. J. Funct. Anal. 195 (2002), no. 2, 230-238. 
Erratum: J. Funct. Anal. 201 (2003), no. 1, 298-300. 

[MS2] V. Maz'ya, T. Shaposhnikova, A collection of sharp dilation invariant inequalities for dif- 
ferentiable functions. Preprint arXiv: 0802. 3209. 

[MV] V. Maz'ya, I. E. Verbitsky, The form boundedness criterion for the relativistic Schrddinger 
operator, Ann. Inst. Fourier 54 (2004), no. 2, 317-339. 

[ON] R. O'Ncil, Convolution operators and L{p, q) spaces. Duke Math. J. 30 (1963), 129-142. 

[P] J. Peetre, Espaces d 'interpolation et theoreme de Soboleff. (French) Ann. Inst. Fourier 
(Grenoble) 16 (1966), fasc. 1, 279-317. 

[Pi] Y. Pinchover, Topics in the theory of positive solutions of second-order elliptic and parabolic 
partial differential equations. In: Spectral Theory and Mathematical Physics: A Festschrift 
in Honor of Barry Simon's 60th Birthday, eds. F. Gesztesy, et al., Proceedings of Symposia 
in Pure Mathematics 76, American Mathematical Society, Providence, RI, 2007, 329-356. 

[S] E. M. Stein, Singular integrals and differentiability properties of functions. Princeton Uni- 

versity Press, Princeton, NJ, 1970. 

[T] L. Tartar, Imbedding theorems of Sobolev spaces into Lorentz spaces. Boll. Unione Mat. Ital. 
Sez. B Artie. Ric. Mat. (8) 1 (1998), no. 3, 479-500. 

[Y] D. Yafaev, Sharp constants in the Hardy-Rellich inequalities. J. Funct. Anal. 168 (1999), 
no. 1, 121-144. 

Rupert L. Frank, Department of Mathematics, Princeton University, Washington 
Road, Princeton, NJ 08544, USA 

E-mail address: rlfrank@math.princeton.edu 

Robert Seiringer, Department of Physics, Princeton University, P. O. Box 708, 
Princeton, NJ 08544, USA 

E-mail address: rseiring@princeton.edu 



